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REPORT NO. 1056
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ENERGY PARTITIOR IN THE EXPLODING WIRE PHENOMENON

ABSTRACT

Streak camera and oscillographic circuit damping data are presented
for copper wires varying in diameter from 3 to 8 mils. A maximum of specific
shock wave energy in the induced flow is found at a wire diameter different
from that of a minimm in the total damping time of the circuit. This
displacement is shown to be caused by the presence of residual circuit
resistance, The argument 18 based on a critical analyais of optimum damping
conditions in the exploding wire circuit. A maximum of apparent energy within-
the contact surface appears at about the same wire diameter as the minimum
of total damping time, Discussion of the implications of the Taylor-Lin
similarity theory indicates that lack of similarity of the flow is probably
connected with the displacement of the maximum energies associated with

shock wave and contact surface,



We continui.here the study of cylindrical shock waves initiated in an
earlier pag.aerl)a There it wes shown that modification of the rotating

mirror technique makes the cylindrical shock wave visible over a considerable

portion of its path. From a method ¢f data plotting based on the Taylor-
Lin similarity theory for cylindrical blasts one finds thet e definite

shock-energy can be assoclated with each trajectory.

E. David ) has recently given a detalled calculation of physical pro-
cesses in the wire explosion, based partly on the experiments of Millier”’
and partly on a hypothetical model constructed on the firmly esteblished
principles of thermodynamics and electromagnetic theory.

We are not concerned here with the finer details given by David, but
rather with the cruder task to establish some facts relating to the partiti
of the stored condenser energy betﬁeen 1) energy dissipated in the induced
fluid motions and 2) energy consumed in apparent electrical resistance of
the circuit., We ahall show that a convincing correlation is possible betwe
these two distinct methods of energy wastage, with the result that the
validity of our method of assigning a shock energy is thereby rendered more

probable.

* - Y "
Superscript numbers denote references listed at back of the report.
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2. EXPERIMENTAL

Fig. 1 shows a sequence of streak camera pictures for £ cm copper wires
of 3, b, 6.3 and 8 mils diameter. The traces were obtained by use of the
backlighting technique already described in I.

Condenser energy at 28 kv 1s 118 Jjoules and the ringing frequency of
the circuit is about 0.5 mc. From the given capacitance, C = 0.3 uf, and

the damping curve for the shorted circuit alone (shown in I), it follows
that the inductance of the circuit L tp about 1/3 uh and the residual
damping resistance Rc is approximately l/h ohm. Damping curves for each wire

are shown opposite the corresponding flash photogreph in Fig. 1.

The shock trajectory is most clearly seen in Fig. 1 (a) where separation
from the contact surface occurs by about 0.8 p sec. For the 4 mil wire of
1 (c), the breadth of contact surface is increased and separation does not
occur until t = 1.1 p sec. The 5 mil wire of I lies intermediate between
this case and the 6.3 mil wire of 1 (e), where separation occurs at almost
2 u sec, Here the shock trajectory is less distinct then in the previous
two cases and the contact surface appears to have gained strength relative
to the shock. Finally, for the 8 mil wire the whole phenomenon 1s narrower,
appears less energetic and shows a visible separation of the shock by about
t = 0.6 p sec.

The corresponding oscillograms show interesting detailed behaviour,
but from a gross point of view demonstrate mainly that total damping time
passes through a minimm for wire dlameter close to 6.3 mils. Wires of 9
mil diameter and higher failed to give a luminous effect.

Because of the interesting behaviour of the 6.3 mil wire, the complete
flash is shown in Fig.2. Here the wedge associated with the interior
facing, second shock wave discussed in I is very prominent and occurs at t =
8 p sec well after the electrical oscillation is damped. Just ahead of the
luminous tip of the wedge, faint traces of the incoming shock may be seen.
These define the forward‘happe of a cone whose outlines may be detected for

perhaps 2 u sec prior to the reflection from the axis represented by the
wedge tip.



3. ANALYSIS OF DATA

3.1 The Energy Plot

Measurements have been made of the shock and contact surface trajectories
shown in Fig. 1. The ordinate in these flash pictures represents radisal
distance r while the ahscissa, along the axis, represents elepsed time t.
According to the method developed in I, a parsbola-test plot, (2R)2 vs
(t-to), of the shock data should yleld a straight line if the experimental
data conforms in an overall fashion to the Taylor-Lin theory for an ideal,
cylindrical blast wave. It will be recalled that the Linh) calculation
is based on the assumptions of instantaneous energy release along & mathe-
matical line into a perfect gas of constant specific heat ratio y = 1.L.
The actual wire explosion releases energy into a finite, massive cylinder
and thence into an imperfect gas (viz. air) whose specific heat can vary;
nevertheless, the physical situation of the experiment approximates to &

reasonable degree the assumptions of the Taylor-Lin theory.

As the data of I demonstrate, the cylindrical shock wave formed by an
exploding wire behaves over a large part of its trajectory like an ideal
cylindrical blast wave with a virtual time of origin t°7o and an apparent,
axial energy release of E Joules per cm easily obtainable from the slope
of the data plot.

Rather than present parabola-test curves for each size of wire; a
summary plot of the data is given in Fig. 3. Here the quantity Y = (2R)2/(t-to)
has been plotted for both the shock and the contaet surface of each wire.

As may be seen from the equation for the shock trajectory, viz., ' - .
R=5 (7) (E/po)l/h (t - to)l/a, a plot of Y vs t should yield a horizontal

straight line if the data closely approximastes an ideal blast wave, and
the value of Y will be given by m = hSe (E/po)l/2 which is the slope one
would obtain from the parasbola-test curve. Assuming values of S {y) and

Po appropriate for air, we can readily obtaln values of E from the corresponding
Y values. A scale of energy E appears at the right of Fig. 3. '



Each wire size is represented by an especial symbol designated in the
legend of the graph, and this symbol identifies two curves. In every case
the higher curve represents the shock, while the lower represents the contact
surface, Horizontal lines have been drawn to fit the data lylng at or beyond
t ='1 u sec. On the left extremity of each line a vertical mark indicates
the value of to appropriate to the fitted data.

The pointe early in time tend to drop from higher values toward the
final line. This transient behavior occurs because 1) the early data of a
parabola-test plot define a knee-curve whose points approach the approximating,
inclined straight line from above, and 2) the intercept of this line gives
to'7o; so for t = t, the corresponding Y value lies at positive infinity.
Values of Y for t;>t° repidly approach the final horizontal. Because this

horizontal line defines an energy value for the blast wave, it is appropriate

to call a Y vs t curve an "energy plot”.

Several interesting facts may be seen by inspection of Fig. 3. In the
fi;st4place, Y values indicating highest shock wave energies of approximatgly
3040.5 goules /cm occur for the 4 and 5 mil wires; but, in contrast, the
corresponding contact surface curves fall wéll below that of the 6.3 mil wire.

The 4 and 5 mil contact surface points fall steadily further below the
nominal horizontal line drawn at 14 Joules /cm as time increases from
t = 1.5 u sec. The 3 mil contact surface date exhibits the same tendency
but to a somewhat less pronounced degree beginning to deviate toward lower

values at t = 2 u sec.

In this connection notice that the initial times for the contact sur-
faces occur earlier than those for the shock waves, except for the 8 mil
wire where the two coincide; thus the virtual starting times satisfy the
inequality t (contact surface)ﬁito (shock wave). The 6.3 and 8 mil wires
are notable as cases where both shock and contact surface points fall well

on horizontal lines over the entire range of data obtained.

3.2 The Damping Curves

Inspection of the oscillation damping curves in Fig. 1 and that of for
the typical 5 mil wire given in I, shows a further distinction to be made
between the 3, 4 and 5 mil wires when compared with the heavier 6.3 and 8 mil

8




res. For the first three, the damping curve is smobGth and quite continuous;

for the latter two an abrupt interruption occurs after which the oscillations
are almost negligible.

In Table 1 we collect for convenience the wire resistance at 20°C., the
virtual times of origin of contact surface (cs) and shock (s), the total

damping time, and the energy E  within the shock wave.

TABLE 1
Wire diem. | - R, t_ (cs) t_  (s) -ﬁemping E
(mils) (oﬁgs) ° i L time (Joliles/cm)
(p sec) (ot)
3 075 .06 .31 8.2 19
h‘ -0‘-&2 . 028 'h} 7'2 51
5 .027 .33 46 6.3 30
6.3 .017 .40 .52 3.5 27
8 .011 .35 .35 3.5 7
9 . 0084 4.0
10 . 0068 7.0

The damping times for 9 and 10 mil wire are included even though the 9 mil
wire produced no visible flash and the 10 mil wire was not destroyed by

the condenser discharge.

Ao o

Ingpection of the last two columns of Teble 1 elicits two facts:
1) a maximum in the indicated energy Eg occurs for a wire diameter near
L mils, and 2) & minimum of total damping time occurs for a diameter between

6.3 and 8 mils. Furthermore, the damping-time trough is 50% broade

ader than
the shock energy peak on a scale of wire diameter. On a scale of dismeter
squared, which is proportional to wire mass, the trough is about twice the

width of the pkak.

5{3 WQpnc%gg;ons from the Data

The data Just discussed indicate certain facts relating to the pro-
duction of cylindrical shock waves by fine copper wires. As the type of
-’ -

wire material seems to



good conductor, these facts may be generalized to apply to Other than copper
wires. The result is a set of working hypotheses that extend our view of the
exploding wire phenomenon and provide useful tools in the planning of future
experiments. Elevated to this position, they may be stated as follows:

Under fixed conditions of condenser energy, wire material, wire length
and type of ambient gas, fluid motions produced by an exploding wire have
the following properties:

1) Both shock wave and contact surface follow closely parabolic paths
over considersble intervals of time.

2) A maximum of Es the specific shock wave energy, a maximum of the
Y values associated with the contact surface, and a minimum in
demping time of the exploding wire circuit occur with variation of
wire diameter.

3) In general the stationary points of 2) do not necessarily coincide,
although the maximum of the contact surface Y function appears
close to the minimum of total damping time.

)
o



L. DISCUSSION

4.1 Maxisum Shock Energy

A maxinﬁm in shock energy E% considered as a function of wire diamaper
is, as already noted, revealed in the data of Table 1. Its presence, although -
not surprising to intuition, is not easily explained; since the experimental

concept of shock strength rests here on interpreting the latus rectum of
the parabolic streak picture in terms of the consténts, S(7) (E/pc)I;h, given
by the Lin calculation. The goodness of approximation of the actualhphysical
situation to the hypotheses of the ideal fluid calculation given by Lin

cannot be stated with precision at the present.

Accepting the interpretation of the data already given and reading from
Table 1 the maximum energy of 31 Joules/cm it is apparent that the 2 cm wire
used in these experiments communicatés more than half (2x 31/118) of the
stored condenser energy into the fluid motion associated with the shock wave,
End dffects have been purposely neglected in arriving at this eatimateq

4.2 Circuit Resistance and Minimum Damping Time

The presence of a minimum damping time at about 7 mils wire diameter
is readily seen from Table 1. This fact implies that the resistance of the
T mil wire, Rw’ plus the residual resistance of the circuit Rc, forms a
total that is in some sense, as yet undefined, well matched to the L-C
parameters of the circuit.

As already mentioned in I, the residusl resistance R, is about 1/4 Q.
Values of Rc with the exploding wire shorted out, calculated from the
logarithmic decrement of successive current peaks, show Rc initially to
start at about 0.25 1 and to increase slightly up to 0.35 Q at the tail of.
the damping curve.

A similar calculation made from the damping curves of the 3, 4 and 5
mil wires shows Rc starting at about 0.30 Q and increasing to at most 0.45 Q;
which evidence may be interpreted to mean that by the time a clear oscillo-
graphic record is available for these wire sizes, that is after about 1 p
sec has elapsed, an electric discharge has been established in the expanding
metal vapor and the subsequent damping is dominated by this discharge and
the resistance residing in the remainder of the circuit.

11



David?) estimates that the conductivity of the copper wire should drop
suddenly after the diameter has increased by a factor of two to four. When
this condition is reached metallic conduction should no longer exist, but
electron transfer could occur perhaps only by tunnel effect modified by
local fields. After the expansion has proceeded sufficiently far, the
pressure of the metal vapor will drop to a point where arc discharge can
occur if enough energy remains in the circuit and the conductivity will
increase again to a high value. In the event that little energy remains
by virtue of its rapid expenditure in 12R heating, no arc can form after
the wire diameter exceeds 2-4 times its original value. The effect will be
like that of opening a switch.

P

after about 1 and 2 p sec respectively. The damping records show that these
wires expend the condenser energy more rapidly than the 3,.L4, 5 mil series.
We infer the cause to be better impedance match of the exploding wire to

the circuit. The streak picture for 6.3 mils given in Fig. 2 tends to bear
out this interpretetion if the contact surface and second shock are regarded

The oscillograms for the 6.3 and 8 mil wire indicate just such an effect
d

ag being more energetic than in the other cages.

4,3 Choice of Optimum Circuit Resistance
The evidence Just discussed supports the assumption that the 6.3 - 9

mil wires provide nearly optimum electrical resistance for maximum power
and energy consumption in the circuit. The effective resistance is clearly
far below the critical damping resistance; for, even though damped to a
minimum total time, the circuit is still in the oscillatory regime,

) In order to carry the discussion further, criteria bearing on the
question of maximum power dissipation in an R-L-C circult are needed.
Investigation of the available literature shows that even for the case of
fixed circuilt resistance R, the conditions for maximum power dissipation
have not hitherto been precisely defined.

In connection with a study of exploding wires made in 19

and Smiths)

12



Because they provide no discussion of this result and because their subseqpént
statements about maximm current are open to objection, the question has been
re-examined and some additional results obtained. The more precise and
extended analysis is given below in Appendix I.

There it is found that for maximum power dissipation at the first current
peak the total circuit resistance should bg R = 1.10 (L/C)l/z. If the heat
losses are small enough so that the process can be considered adisabatic,
then energy dissipation in a specified interval may be of primary importance.
For example, if this interval extends past the first current peak to terminate
when the sine factor in the current expression is unity, then R = 1.2k (L/C)l/2
should i.bold. If a longer interval is important, the appropriate numerical
factor will be larger than 1.24. As the interval becomes infinite, R
approaches the critical damping resistance given by 2 (L/C)l 2

Now it is obvious that the resistance of an exploding wire is not con-
stant; so that the criteria given above cannot strictly apply except in the
case that power consumption at maximum current is the dominating term. Even
here no energy can be dissipated save during a finite interval. Therefore
we conclude that the optimum average resistance of the exploding ﬂife circuit
should satisfy the inequality 1.10& Ropt (L/c)'l/ a,g 1.30 where the lower bound
is that set by maximum power dissipation at the first current peak and the
upper bound 1s 8et slightly to exceed the value for meximum energy dissipation
in the approximately quarter-cycle interval already discussed. The oscillogram
for the 6.3 mil wire suggests an interval before current interruption some-
vhat larger than a quarter cycle inasupport of a choice of upper bound greater

then 1.24,

With the L, C values for the present circuit this inequality works out
to be 1.’169R0pt_1=1.36 ohms. As already seen the residual circuit resistance
is approximately 1/4 - 1/3 Q; so by difference the exploding wire should
fgrnish 0.9 - 1.200 in order that the total resistance most rapidly
dissipate the stored condenser energy.

2
Relying here on David's discussion ) of the resistance changes induced
by heating of thegcopper wire, we estimate that wire resistance may increase
by a factor of 10~ for a rise from room temperature up to 4000°K. Applying

15




this factor to the cold resistance given in Table 1 we find that the 6.3, 7

and 8 mil wires would have high temperature resistances in or near the range

of values suggested as optimum in the previous paragreph. Wires of 5 mil
diameter or smaller would appear to have high temperature resistances too

high by a factor of two or more and larger than the critical damping resistance.

One would not expect the trough surrounding the minimum of damping time
to be narrow since the maximum of power dissipation at the first current
peak will merge smoothly with the relative maxima of energy dissipation as
the effective time interval increases from zero. (See discussion in Section
2 of Appendix I.) The experimental demping times are in agreement with
this qualitative predictton from theory; for damping times from 6.3 to 9 mils
are roughly the same and the minimum is broad compared with the maximum of

shock energy.

It appears highly probable that the nearly optimum wires reach temperatures
of several thousand degrees Kelvin, perhaps even the critical point for
copper under influence of magnetic pinch pressures, and that their high temper-
aturé resistance values are close to those demanded for maximum power or
energy diséipation. The data appear to favor values higher than the lower
bound.

4.4 Effect of Residusl Circuit Resistance

We develop here an argument to show that the displacement of the shock
energy peak from the minimum of damping time is entirely caused by the
residual resistance in the circuit. Conceding temporarily the truth of this
proposition then if this resistance is made to vanish, one would expect the
shock with greatést axial energy release and the most rapid dissipation of
condenser energy to occur at the same wire diameter, a criterion which will
clearly be of importance where luminous effects (e.g. light sources) of 4

minimum duration are desired.

As may be seen from Appendix I the necessary and sufficient conditions
that the 1°R pover in the circuit be stationary, i.e. dP = O, are that
31/dt = O and dln 1/0R = -1/2R. As before the resistancé of the circuit
is the sum R = Rc + Rw where Rc denote residual and exploding wire resistance

1k



respectively. Wire resistance R is directly proportional to length 1 and
inversely proporttonal to radius r squared; thus R = kl/r . The power
expended PeTr unit length of wire is given by p_ = R 1 /1 =k (1/r)

Intuitively it is obvious that P, At must be related to the specific shock
2,

in 1 R, heating

AP +ha r Iamo P T Yo ald

energy E of the Lin theory because the cqc;u expende

fu

partially reappears to supply the energy of the fluid motions induced by
the explosion. Here At represents a small time interval about the first
current peak,

By logerithmic differentiation we:find d lnp =24 1n (1/r); but at
the instant of power maximum, current is a function of R alone and in particu-
lar d In 1 = -(1/2) d 1n R. Combining these two results leads us to
dlnp, =-dln (Rrg). A stationary point for p # O can only exist when
the right hand side of this equation vanishes. Otherwise, a non-zerc
value will obtain and an incrementel change in wire diesmeter (resistance)
can alweys be found which will increase P,

From the definitions, Rr> = Rr° + kl and ve heve finally, dp /p, =
-(2R_ /R) (dr/r), from which it is obvious ‘that dp w/dr £0 and vanishes if
Rc = 0, We seen then, as stated at the beginning of this section, that
non-vanishing residual circult resistance implies a separation between the
minimum of damping time and Emax for the shock wave; furthermore, decreasing
the wire diemeter from the value necessary to satisfy dP = O causes p, to
increase.

Assuming from the data of Teble 1 that Emax occurs at 4 mils and mini-

mum demping time at 6.3 mils, with R, = 1/4 0 and R, %18, we find
dpw/pw = 2 x (1/5) x (2.3/6.3) which works out to a 15% increase in P,
upon decreasing the wire diameter from 6.3 to 4 mils. Inspection of Fig. 3
shows & corresponding increase in the shock wave energy of about 12%; which
in view of the uncertainties in the values used, may be considered as

remarkable agreement,

It seems clear then that the 6.3 mil wire corresponds closely to &
damping situatidniin which maximum energy is dissipated during an interval

about the current peak., The fact that the neighboring wires that show

efficient short damping times have lower cold resistances and presumbbly

15




lower high-temperature resistances suggests that the maximum integrated
power dissipation of the upper bound may apply rather than the maximum power
at peak current. Nevertheless the foregoing analysis based on the latter
matching criterion brings out excellent agreement between the predicted
specific power increase in the wire and the observed energy increase in the

shock wave.

Becguse this agreement 1s found between quantities obtained by the two
very different approaches taken through 1) the electrical theory of the
R-L-C circuit and 2) fluid mechanical theory of the cylindrical blast wave,
owr confiden¢e is strengthened in the use of the second approach to derive
énergy values for the experimental shock waves.

4.5 Contact Surface

We revert now to the question concerning the connection between an
apparent energy within the contact surface and lack of similarity in the flow.

The gimilarity theory sssumes that the cylindrical shock wave is a
constant ®nergy surface of the flow. ~Examination of.the energy integral
[Lin's Eq. (23)] shows that for arbitrary radius r interior to the shock,
the ®nergy contained within r is a function only of n = r/R. Thus parabolae
glven by f} = const. & 1 are curves of constant energy in the r-t plane,

On the other hand, particie paths in the r-t plane define curves of
constant mass, since by definition these paths may not intersect. Because
each particle experiences a radial deceleration after passage of the shock,
each inner particle must be doing work on the next outer particle of fluid.
Therefore energy is flowing outward faster than the particles on any given
cylinder of radius r, and particle paths cut constant energy parabolae in
the r-t plane in the direction of decreasing n values as time increases.

Now the contact surface experimentally determined from streak .é.amera
pictures may reasonably be assumed to epproximate the outer, limiting particle
pdth of the luminosity. If the flow is truly similar in the Taylor-Lin
sense, then the contact surface should not coincide with a constant energy
surface given by n = const., but should show a trend of 7 toward decreasing
values. In contradiction to this conclusion the 6.3 and 8 mil data of Fig. 3

16
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appear to lie well on curves 1 = const.. (The data for the smaller wires
we

show & decreasing trend of 7n with time.) Thus may certainly say that
the flows generated by the larger wires fail to exhibit similarity.

On the other hand, these flows have contact surfaces which plot
like one of the constant energy surfaces of the ideal, similar flow
corresponding to the experimental shock wave. Thus by comparison between
the experimental fiow and the ideal, similar flow of equal shock energy,
the contact surface may be aqsiéned an energy value which 1s the same as
the energy inside the 1 = const, surface of the ideal flow on which the
experimental contact surface points fall. While this energy may not represent
accurately the total energy residing within the experimental contact surface,
1t is nevertheless a well defined quantity derivable from the contact
surface trajectory, and may be valuable for compspison of one contact surface
with another. We adopt the foregoing definition of energy within the contact

surface for all subsequent discussion.

To examine the contact surface data for the 3, L and 5 mil wires mofe
closely, we need detailed information aboﬁt the particle trajectories of
the similarity flows. To this end recall that for the similar solutions
found:© by Linh, the velocity of a particle at radius r is given by u = @(q) U,
where U = dR/dt & R gives the velocity of the shock and B(n) 1s & numerically
determined function.

The particle paths may be dbtained by 1ntegrating the Lagrangian
equation of motion ¥ = u = ﬁp With the help of I = nR + %R we f£ind the
first order differential equation d4dn = p - 1) & In R. From Lin's Table I
we (find that (¢ n) is always negative. As a result we have dn/dt =
U(dn/dR)£0 and the decreasing trend of 1 already noted is verified again.

The frectional change in 1 is found from dn/q = n=l(¢ - 1) (ar/R)
from which it follows with the help of Lin's tabulated values that
‘ ‘dn/'ql % .275 (dR/R). The fractional bhange in 7 divided by that of R
varies from 0.167 at n = 1 to 0.275 at n = 0.6 and appears to remain
constant at this value as 19 0. Thus we see that n for a particle trajectory
is a slowly varying function of R and 1s to this extent crudely approximated

dded s o an

by setti ] =

Q

onst., as was suggested in I.
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The particle paths can be obtained by a numerical integration of the
| -
equation .fq (f ~ x) lix = 1n (R/Rl) = (1/2)1n [(t -_to)/(tl -t )J
11 : o

where R, and t, are the shock redius and time respectively at which the
shock pasaea over the particle in question, and t is the virtual time of
origin of the shock as before. Values of the mtegral = 1n (R/R,) nave
been ohtained by Simpson's rule from the numerical results in Lin's paper
and are presented in Table 2. Using these values and the experimental
values for tl and to’ we have calculated theoretical and experimental values
for the particle trajectory defined by the constant surface data for the

3,} and 5 mil wires. These data are presented in the form gf ratios '
n(exp.)/n (calc.) versus time in Table 3. Of the three wires the 4 mil comes
nearest to similarity being only 2% low beyond 1 p sec. The 5 mil wire is
close to similarity in the latter part of the range while the 3 mil wire

18 never closer than 8% and as far as 16% below the calculated values.

The experimental trajectories nearly always lie inside those calculated
from theory. Note that the nearest approach to a similar flow occurs for
the wire with the most qunergetic sbock wave, viz., the 4 mil wire.

Turning now from discussion of the lack of similarity in the flows,

e L d o OV e bl dlera mwmmriead ad

we conclude by exai:.xu.ng Orieliy vae uunuu.uu of the relatvive amount of

energy within the contact surface. The definition given above; which
relates the experimental contact surface to an n = const. curve of the ideal,
similarity flow of equal shock energy, provides a definite number for the
contact surface but no assurance that this number represents the real

energy within that surface.

The fact that the highest value occurs for the 6.3 mil wire whose
streak picture, Fig. 2, shows what appears to be the most energetic phenomena
within the contact surface, encourages the hypothesis that there is a '
proportionality, if not an identity, between the aqtﬁal energy within the
contact surface and the graphically determined value obtained from the
energy plot,

Since the maximg of shock wave and contact surface Y values do not
occur at the same wire diameter we are forced to suppose that the apparent
energy within the contasct surface is regulated not only by phenomensa

responsible for the shock wave, but also by other factors at present i

SAAS e b it e Wk Vb W ahW W LR

perfectly known, which have to do with the electrical and mechanical phencmena

of the wire explosion. 18




The experimental data of Figs. 1, 2 and 3 seem

for the most quickly damped condenser discharge is

,,,,,,

to support these hypotheses;
associated with the

contact surface of highest indicated energy and with the most energetic

appearing second shock wave, The most energetic sh
hand, is associated with a contact surface definite
surface maximum on the energy plot. This suggests
E value for & shock wave eppears at a smaller wire
distribution of electrical energy between internal
the condition of minimum demping time occurs at the

ock wave, on the other
ly below the contact
that while the maximum

diameter because of the

and wire resistance,

same wire size as flow

phenomena of maximum kinetic energy within the contact surface, That is to

say, maximum dissipation of electrical power is acc
the simultaneous appearance of fluid dynamic effect

omplished partly through
8 different from those

responsible for the generation of the shock wave. Not much more can be seaid

} bt s =2 vl o«

at this point; for clearly, further experimental and theoretical information

is needed.
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TABLE 2

Table 2 Numberical values of the 1ntegralcﬂ- J’n (¢ - x)'ldx versus
the parameter 1 = r/R.

1
n B n L n J 1 AL

1.000 o} 94 « 332 .82 .924 .55 2.420
«995 029 .93 <384 .80 1.021 «50 2.766
990 059 .92 1435 .78 1.119 .40 3.569
.985 .088 .91 485 .T6 1.218 .30 4.627
.980 W116 .90 535 oTh 1,319 .20 6.097
.97 172 .88 «633 .70 1.539 .10 8.673
.96 226 .86 .731 .65 1.811
.95 280 .84 .827 .60 2.103

TABLE 3

Comparison of calculated and experimental trajectories for
the contact surfaces of the 3, 4 and 5 mil wires.

. .88 .93 .93
1.5 ' 89 ’ .98 .93
2.0 .92 .99 .94
2.5 .89 .98 .
3.0 .86 .98 .98

505 -8’4 - l.Ol
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Fig. 1. Rotating-mirror pictures and damping curves for sequence of copper
wires under constant ambient conditions and condenser energy. The

cale in (g) applies to all flashes. Each horizontal division
cilloscope scale corresponds to 2 p sec.

5 i sec s
of the os
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Fig. 2. Rotating-mirror picture for exploded copper wire of 6.3 mil diameter to
show details of the wedge luminosity representing the second shock wave.
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Fig. 3. Energy plot of shock ‘wave and contact surface data for the sequence of

exploded copper vires shown in Pig. 1.




APPENDIX I
POWER DISSIPATION IN AN EXPLODING WIRE CIRCUIT

1. MAXIMUM AT PEAK CURRENT

rmad 4
used toc produce

Anderson and Smit‘n5 discuss the typical R-L-C circul
the heavy current pulse under which & thin metal wire explodes. They state
without proof that a maximum in the power disdipated by the circuit will

Lo Al

occur wnen the diccult resils e
inferred from their analysis that current i1 is to be maximized simultaneously
with power although in the later step of obtalning the maximum squared

l
tance R has & value near (L/C)l/ei It may be

licit solution to this same problem is given here for the fbidlowing

reasons: 1) a complete discussion is not given by Anderson and Smith and cannot

3
5

readily be found elsewhere in the literature, 2) the equation given b

Anderson and Smith for the maximum current squared is not precisg for reasons
, below: thus gdme doubt attaches to thelr earlier assertion about

-l 3 a2

the best value of R, and 3) comsideration of

new "best values" of R which may sometimes be preferred.

/

Thm e d : i1 Lo n INnr 2 2 212
Defining the quantities & = R/2L and o = {1/1C - R7/L4L°) / one can
write for the current in the circuit '
i= (V/wl) e ain ot (1)

The stationary pointe of 1, or 1In i for convenience, are determined from

d(1n 1)/3t = @ cos wt/sinwt - @ = 0 , (2)
which gives
’ cot wt = a/w . (3)

(.1

From (3) the sequence of times {ti? may be determined to locate successive
maxima and minima of current. =~ ~
Instantaneous power dissipated in the circuit is 12R and the condition

a(iaR)/aR = 0 implies that
3(1n 1)/3R = - 1/2R : (k)
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With (1) and the definitions, Eq. (i) leads to the relation
(t cot ot - 1/0)(w/3R) - t(x/3R) + 1/2R = 0 , (5)

or, with the partials explicitly evaluated, to

1/20 - (a/w)(t cot wt - L/w) - t =0 . (6)

Eqns. (3) and (6) determine the conditions necessary to meximize power with
fmmmd A~ 2 T SV I R T o {2Z) 42 2daald cmmmmmmases dom oot o o
respecuv uvo 1 a.IlQ. n blmubwcuub&yo LQile (V) 48 41UBTLL llCCCobaly VLU LaXliolze

(v

i alone. We consider only the first maximum, since the wire
thereafter.

s gone shortly

If (3) be solved for t and used in (6) with definition p = w/a, there
results the transcendental equation

tan"Yp = (p/2)(p° +2)(° + 1)t . (7)

PR i S 2o

Examination of (7) together with (3) shows that there is an infinity of
increasing, positive roots, beginning with zero, which corresponds to the

series of successive stationary current values. A graphical solution gives

R=2(1+ p?)'l/g (L/C)l/2 21,10 (L/C)l/z. If one defines 2(1 +.p2)'l/2 by

[Y

f(p) in the general case, then 0 & f £ 2 comprises all values for which
oscillations may occur in the circuit. Values f = O, 2 correspond to the

FPPER] a sanman Pan 4l m 4+darnla amA
1C8lly qampeda cases I0r wihlica P =00, o respeciively, ana

1
ke
f = 1.10 represents the resistance in which power 1s dissipated most repidly

~at the first current maximum. It is now clear that Anderson and Smith's

at the first meximum current, f must be close to one; furthermore the explicit
solution shows that f is actually 10% greater than one. For the successive
a

current maxima f(n\

ecreases mono tonioa]]v to zero.

The expression for current may be rewritten as

, R -0t/ .
= (VopL) e = /¥ sin wt . (8)
The stationary values occur when (3) is satisfied, i.e. when wt = tan-lp + mx

withm =0, 1, 2... and sin wt = (-1)" p (1 + p2)'l/2. With these relations,

(8) becomes
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[9)
\7J

which furnishes the first maximum when m = 0. From the definitions one finds

22 . 2 - . -1/2,.
that o = ap =1/IC - o and oL = (1 + pe) 1/ (u/C)l/a; thus
b |
, 1/2 -1, -1
1= (-1)™v{c/L) / exp l[.: p “ten p - —-""'-_! ' | (10)

The square of this expression corresponds to that given by Anderson and Smith
t

- -~ wand

excdpt that their exponentlsl term is incorrect and an incorrect factor of

h/B enters because of their failure to evaluate at tm. Maximum power is
obtained whenm = 0, £ = 1,10 and p = p1 Thus
., \1/2 .30
P = 1.10 v— (C/L)"" . (11)
For a typical case, L = 1/3 ph., C = 0.3 uf., V = 28 k v and as before
P, = 1.515. With these values \L/b‘l/z = 1,05 omms, im = 15.3 k & and

P = 2,24 x 10 watts. If approximately this power is consumed during
g&* around the peak, then 22 Joules are used during the interval.

|

‘i
With the exploding wire replaced by a copper strip, the circuit has a
logarithmic decrement given approximately by 8 = 1ln2 = 2n/p from which
computation giysg R = 0.23 ohms. For maximum power at current pesak,

= 1.10 (L/C)™“ = 1.1§. . Thus for optimum conversion of the condenser
energy in the explosion, the wire should furnish about 0.9 ohms.
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2. INTEGRATED POWER

-t LTINS L LS S NVTv AN

part of the first half cycle, it is of interest to inquire whether power
consumed during that interval can be maximized by selection of an appropriate

circuit resistance. To this end the energy taken from the condenser at time

T is
~T .2
W= f 1" R 4t . (12)
o
This equation c‘:z;.‘n be integrated in compact form by letting f/2 = g = sing
and w_ = (LC) */7; thus
° 1/2
R =2 sin @ (L/C) , . (12a)
a = o, sin ) , (12v)
® = o cos /) , (12¢)
and P = w/a = cot @ ' (124)

With these relations and some elementery trigonometrical transformationq

f e~

{12) integrates to _ 3
[ 2, -2uTtang |- .
W= W il - sec P e |1 + sing sin(2wT - ¢)_|J , (13)
where W_ (= CV2/2) represents the initial energy in the condenser. From

o
the earlier requirement on f note that O £ sinf £ 1; thus the negative

. . o]
term in (13) always remains negative. From the fact that the power i1“R 1is

positive definite it follows that W is a non-decreasing function of T.

To examine W for stationary points with respect to T and R, employ

Q =,,.ln BW - W)/Wo] for convenience. With this definition the first
2
o AW/AT = - W e® (30/AT) and MW/3R = - 1'.'10 (l',L/C)l/ sec¢ eQ (aQ/)n()

w0+ ST ow - \Ugy U+ auiu Uny Oav /OP
P L. .y oo s . . » Q

O, the stationary points will be given by setting e 93Q/dT

(3Q/3@) = 0. From the fact that e*—0 as T+®it 1s clear that

r

ncreases the W surface approaches the plane W = WO for any value
e absolute maximum of the function.
Performing the partial differentiation leads to two equations
8in P (cos 2 wT - 1) = 0 (1k)
and
sec § {sin 2(wT-@) + 2tang EL + 8in ¢_) :sin.’(E;uT-¢)]
ml ~
[ =0

N m r: . oA 2. A m
- apl L.L + lang sin E(D.L_I

P
’_.l

Ul

N—

A number of cases arise from these.

29




In the first place (1k4) indicates that statiaonary points in time occur
when oT = nx, that is at points where the current is zero. It follows that
the curves of W ve T have horizontal tangents at these points, béginning
with T = O for n = Q, and rise smoothly in & series of steps to the maximum
Wc. The size of the steps is not constant but diminishes montonically as

integer n increases.

14) is satisfied and (15) leads to the

condition that T = 0. Since R RR-T LTI I -V ot | ¢ =0 (R = 0), the
origin is clearly a true minimum.
T adn A d N +hen os hafara = nwe hnt (18) 42 Anlv acotdafiald 4¢
-~ h D Add P r V, Vidiwwid aAw o dy WA W W “ll’ LVAY 3= \.A./’ i &2 V“J YL va e A b

O. Thus the equation wT = @, cos § T = O must hold. With cos @ ¢ 0,
the ¢ axis emerges as & minimum line of the surface. This is to be expected
e

since no power has been consumed at T = 0 for any value of 6 (resistance).
my . e mLm S mm imnAmaidone e A M _ A b dm ok A - P TR -
4€ OLer CllCE reuucriiyg Cus yJ d = U AB VWU BTV P = Il/ c J. o Ce ULI.UUBU uu.c

critical damping resistance. But this value fails to satisfy (15) because
sec fyooas f— n/2. Investigation of the limit shows that the critical

the energy consumed by some finite time., On the other hand for some preferred
, the W curve may have a relative maximum as a function of d.

ate this possibility, we look for solutions to (1‘5\ other than

-1
o - rY=ssaialay we

)
'
~

withm=0, 1, 2,... . If in addition P ¢ =n/2 is required, then the values
of T so defined are finite and correspond, according to (1), to the points
of tangency of the current curve with its exponentially decreasing envelopes.
ese points occur later in time than the corresponding current maxima or
minima, i.e., later in time than the power maxima, and thus represent an
integration to times well past the points of maximum power. The shortest
y m = 0, will be the terest

of the exploding wire. It is worth noting that for ¢ = n/2, the angular
frequency vanishes, i.e., w = O and all T values for which T = const. as

t

dA_;«lo coincide with the noin

e PN



For the points of tangency, (15) vanishes if tan § = (2 m + 1)n/4. When
m=0 we find sin § = .618 and R = 1.2&(L/C)l/2. Since this value is about
10% larger than the value of R which gives maximum power consumption at
peak current, we suspect a relative maximum of energy consumption, i.e.,

& maximum in the W vs R curve. Examination of (13) for values in the
neighborhood of @ = tan-l(ﬁ/k) while T = n/2 shows that this is indeed the
case. Thus if integrated power, in other words total energy, released in

the wire is the criterion of importance; then the optimum resistance R for

the first point of tangency is slightly more than 10% larger than the value
producing niaximum power release at peak current., If the wire should last
longer than the first half cycle, then even larger values of R would be
appropriate corresponding to m 7/ 1; and in the limit of indefinitely many

(¢]

A" O
ycles, R spproeches

Should other values of interval T be chosen, then it 1s likely that

different optimum values for R would be found, and it see

EI
'}
Lo}
=
[¢)
C

o
T

’..l
)

these values will be larger or smaller than those Just found depending on
whether wT is taken larger or smaller than (2 m + 1)x/2.
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3. DISCUSSION

The conclusions which emerge from the preceding analysis of the under-
damped R-L-C circuit are as follows:

(1) For maximm power dissipation at .the first current peak & circuit
resistance R = l.lO(I../C)l/2 should be used. This more precise value is 10%
higher than that given by Anderson and Smith in 1926,

(2) For maximum energy dissipation in the interval terminated by the
first contact of the current curve and its exponential envelope, the re-
sistance should be R = 1.24(1/c)Y/2,
value of resistance will increase toward the critical damping resistance.

As the interval increases, the optimum

It has not been our purpose here to demonstrate the relevance of these
criteria for the experimental, exploding wire phenomenon. The complexity
of this process flefies exact analysis at present. This much may be said;
the wire reeistalnce is certainly not constant during the explosion,, but
must change rapidly and, in all probability, discontinuously with time.
It may be conjectured that if the process is rapid enough to be essentially
adisbatic then the larger velue of (2) will apply; while if the explosion
depends mainly on heat 3ene1:ated near the first current peak then the smaller
value of (1) is appropriate. In intermediate cases the inequality 1.10

-1/2
£ R(L/C) < 1.24 may be satisfied.
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